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Abstract 

Quasicrystals are a new form of solid state which differ from both crystal 
and amorphous compounds by possessing a new type of long-range transla­
tional order, quasiperiodicity, and a noncrystallographic orientational order. 
Several geometrical schemes can be used to described quasiperiodic struc­
tures, including cut and projection from an hyperspace periodic structure, 
space tiling with matching rules, selfsimilar packing of clusters or even sim­
plistic growth procedure within some constraints. 

lntroduction 

Quasicrystals are materials having a new type of long range order such that their 

diffraction patterns show Bragg reflections revealing symmetries which are incom­

patible with periodicity [l]. However, they are highly ordered systems [2] with cor­

relation length of several tenths of a micrometer [3]. Large single ( quasi)crystals 

have been grown [4] whose structural quality is such that dynamical diffraction 

has been observed [3]. Deciphering the atomic structure of quasicrystals via clas­

sical techniques of crystallography has been reasonably well achieved using the 

relation of a quasiperiodic function with its hyperspace periodic image [5], even 

if details about atom positions are still missing. 

Aside from their peculiar structures, quasicrystals also exhibit very unexpected 

properties [6]. Their perhaps most intriguing feature is a very high electrical (and 

thermal as well) resistivity. lts value which is almost as large as that of insulators 

[7] is amazing indeed for a material containing about 70% of aluminium. Reduced 

surface wetting, low friction, high hardness, weak chemical reactivity are among 

other interesting properties of quasicrystals. lt is a current consensus that such 

physico-chemical behaviours are rooted somewhere into the still unusual geometry 

of these structures. 
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Substitution rutes for growing quasicrystals 

. 
Making a structure grow is always a tiling story: polyhedra are first selected, then 

decorated with atoms of one or severa! chemical species and fínally the structure 

results from packing copies of these decorated polyhedra. The packing obtained 

is a tiling of the space if there are neither holes nor overlaps of polyhedra in 

the built structure. The classical (periodic) crystals, based on the obseryation 

of natural minerals, deals with the simplest tiling procedure you can think of: a 

single type of tile is added aga in and again by translation. But addition is not the 

only way to fill space in good order. lterative substitution rules offer an interesting 

alternative. To illm,trate the difference between geometrical addition (GA) and 

geometrical substitution (GS), consider linear (one-dimensional) chains built up 

with sequences of two segments one large (l) and one short (S). G A structures 

can be obtained by c1dding strips LS aver and over again, resulting in the periodic 

chain LSLSLS Ui ... To obtain a GS chain, ;ubstitution rules must be used 

instead. There is of course an infinite variety of substitution rules. For instance, 

any given strip of L, S segments can be grown by substituting L by LS and S 
by L iteratively; this results in the following successive grown strips: 

- initial strip: LS 

- first substitution: LS l 
- second substitution: l,S LLS 

- third substitution: L', DLS LS l 

- fourth substitution: L.'3LLSLSLLSLLS 
- etc. 

(_ 

Figure l: Substitution rules for planar tiling with a pentagonal symmetry. 
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The final chain is a perfectly ordered, deterministic sequence of L and S 

segments without any indication of periodicity. lt is easy to see that the strip Sn 

obtained after n iterative steps is the simple addition of the strips Sn-I and Sn_ 2 

obtained after n - l and n - 2 steps respectively. Self similarity of the grown 

structure is then obvious. 

Some other properties of the above quasiperiodic chain (Fibonacci chain) are 

of interest, inasmuch as they are easily generalised to two and three dimensional 

quasiperiodic structures. 

First of all, let us count the number of L and S segments in the chain strips 

obtained after each substitution step. 

This gives: 

- start situation: one L, one S 

- after one step: two L, one S 

- after two steps: three L, two S 

- after three steps: five L, three S 

- after four steps: eight L, five 5 
- etc. 

The number of L(S) segments after n steps of substitution is equal to the 

sum of L(S) segments found after n - l and n - 2 steps. The ratio of L segment 

numbers over S segment numbers takes successively, according to substitution 

steps, the values 1/1, 2/1, 3/2, 5/3, 8/5, 13/8, etc. This is precisely the Fibonacci 

series whose limit is the golden mean T = (l+ Js) /2 = 2 cos 36° when the chain 

is grown ad infinitum. 

The substitution rule as applied in the present case forces also the length ratio 

L/S to be equal to T, indeed: 

X 

or: x 2 

L L+S 
s L 
x + l with x > l 

which has the single mathematical solution x = T. Consequences will be that 

a quasicrystal must be made of at least two different chemical species mixed in 

strictly defined proportions and occupying well defined partia! volumes. A growth 

rule may also be deduced in which density fluctuation would be bounded via the 

requisite that the numbers of L and S segment remain in a ratio dose to T. 

Differences in properties for periodic G A and aperiodic GS chains can be 

easily anticipated. For instance, in a monatomic G A chain, such as a metal 
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crystal, all atomic sites are strictly equivalent. lf some electrons are loosely 

bonded to atoms they have no reason to locate on a particular site and can travel 

essentially freely through the bulk of the metal. This results in high conductivity 

and isotropy of the properties. Conversely, in GS structures strictly equivalent 

sites cannot be found if the fully extended surroundings of the sites is considered. 

The "free" electrons, if any, are forced to "locate" recurrently into hierarchies 

of sites according to an energy scale and within the constraints of Coulomb 

interactions. Actually, quasiperiodic structure, are such that identical site doma ins 

of any size can be found recurrently at distances apart of about twice the domain 

size. This is easily checked with the Fibonacci chain, if not too small domains are 

considered. Thus, delocalization via hopping between domains of a given class of 

local isomorphism can be reasonably expected. 

For one-dimensional structures, it may be difficult to imagine why this awk­

ward substitutional operation should be preferred instead of straightforward perí­

odie packing. But in two and three dimensions, the latter may be just impossible. 

This is the situation, for instance, with pentagonal or icosahedral tiles whose 

fivefold symmetries cannot be accommodated by periodicity. Consequently ape­

riodic structures become the stable solution when chemical bonding favours such 

local "non-crystallographic" symmetries. This has been demonstrated by both 

numerical simulations [8] and experimental observations [5, 9]. 

Aperiodic tiling of the two-dimensional space 

The substitutional growth is formally extended to two- and three-dimensional 

tiling without basic difficulties. This is illustrated in Figure l which shows how 

to grow a pentagonal tiling. Starting with a pentagonal area, six second gener­

ation pentagons and five triangles share the available space. Applying the same 

substitutional rules to the second generation pentagons introduces an additional 

"boat shape", as it is shown in Figure 2. In this particular example, R. Penrose 

[10] has proved that four and only four prototiles are needed to pursue the tiling 

ad infinitum: a pentagon, a triangle, a "boat shape", and a fivefold star. More 

precisely, holes which may form while growing the structure can always be filled in 

by one to these four tiles of the same generation. Simple geometrical derivations 

give the linear and surface deflation factors of the above procedure: r 2 and r 4 

respectively. By multiplying the tiling size by these factors after each substitu­

tional operation one get a growing tiling made of constant size elementary tiles. 
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Finally, it is worth pointing out that a simulated diffraction pattern with atoms 

sited on the vertices of such a tiling reproduces qualitatively experimental data 

(Figure 3) and clearly shows long range order and fivefold symmetries. 

Figure 2: Further growth of the pentagonal tiling. 
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Figure 3: Numerical simulation of a diffraction pattern for the pentagonal tiling shown 
in Figure 2. 

Again R. Penrose [10] has demonstrated that, in the case of most of the 

two-dimensional quasiperiodic tilings, the number of prototiles can be reduced 

to two. One example is given in Figure 4 for a fivefold tiling based on two 

triangles prototiles A and B with master angles rr /5 and 2rr /5 respectively and 

area ratio equal to r. The substitutional operation used to grow the structure is 
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also illustrated in Figure 4 ( An = An-1 Bn-1 An-1 and Bn = An-1 Bn-1). lt is 

very easy to verify that the sizes expand as Bn+l = 7 2 Bn and An+l = 7 2 A11 • 

The grown structure is selfsimilar but not fractal ( d ¡ = 2). Aga in the number of 

prototiles A divided by the number of prototiles B in the growing tiling is a figure 

which follows the Fibonacci series and has a limit equal to 7 when the tiling is 

grown ad infinitum. 

8 1 =B 

Figure 4: Triangular tiles and substitution rules for an alternative fivefold tiling of the 
plane. 

LV 
Figure 5: Rhombic prototiles with matching rules for the Penrose tiling. 

The most famous modification of the fivefold two dimensional tiling is the 

so-called Penrose tiling which is based on two rhombic prototiles as shows in 

Figure 5, along with proper decorations which define matching rules in a growth 
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procedure: when a tile is added, full dark or full white circles must be completed 

at the vertices, excluding mixed dark and white circles, and arrows on edges must 

match identically. Penrose tilings have fascinating properties. Despite being 

aperiodic, similar domains repeat in the structure over and over again, as clearly 

visible in Figure 6 (see for instance the "star" made of five "fat" rhombic units). 

One can also verify directly on Figure 6 that any type of domain, of any size, is 

reproduced ad infinitum at distances apart twice their size. lterative substitution 

and matching rules are equivalent procedures to grow aperiodic structures (Fig. 7). 

A more tricky geometrical feature can be observed by looking carefully at Penrose 

tiling schemes: actually an infinite number of slightly different Penrose tilings 

can be obtained within proper respect of given matching rules; these various 

modifications cannot be globally superimposed to each other but, amazingly, any 

area selected in one of the tiling is also found in the other parent tilings. This 

curiosity is going to be explained via the cut/projection scheme later on in the 

paper. 

Figure 6: Piece of Penrose tiling as obtained with the prototiles and matching rules 
shown in Figure 5. 
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Figure 7: lterative substitution rules for growing a Penrose tiling via self similar infla­
tion. 

The geometrical ingredient leading to Penrose tiling can be easily extended 

to planar tilings of any symmetries, except for two-, three-, four- and six fold 

rotations which allow periodic tilings. The example of a thirteen-fold tiling is 

shown in Figure 8. 

Even the simplest iterative substitution rules seems to require more than 

one prototile to grow a planar quasiperiodic structure. But this has not been 

rigorously proved. On the other hand, one may accept to forget tiles and tiling 

and use motives instead. Conversely to a tile which is a bulky geometrical shape 

refusing overlaps, a motive is made of dots and can overlap. In the Penrose tiling 

of Figure 6, decagonal overlapping motives are clearly visible [11]. lt has been 

suggested that such overlapping motives or equivalently, atomic clusters, are the 

pertinent basic units in the growth scheme of real quasicrystals (8, 12]. This is 

going to be advocated further in a forthcoming section of the paper. 
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Figure 8: Example of a thirteen-fold planar tiling. 

The three-dimensional situation 

lt is obviously possible to consider any aperiodic planar tiling of the sort described 

previously and to pile up them periodically in a direction perpendicular to the 

tiling plane. Real quasicrystals have indeed been obtained with such uniaxial 

symmetries but only five, eight, ten and twelve-fold rotations have been actually 

observed. Amusingly enough, the corresponding polygones are those which can 

be most easily drawn with only a ruler and a pair of compasses! 

Now, if the three-dimensional space is to be tiled quasiperiodically in all 

directions, one must combine several rotations in such a way that the images of 
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any point remains on a finite trajectory, inside a polyhedron which then can be 

used as a prototile. For instance, using the symmetry operations of a cube gives 

trajectories of 48 points. All other geometrical possibilities have been known 

for quite a long time. They include the 32 rotation groups which give rise to 

periodic crystal structures. Beyond them, there are only two more cases which 

correspond to symmetries of an icosahedral polyhedron: either the 60 rotations or 

120 operations by adding mirror planes to the rotations . Fully three-dimensional 

quasicrystals can then be only of the icosahedral species. This is actually well 

consistent with physical reality. 

Formal extension of the 2-dimensional Penrose tiling is straightforward. ln­

stead of planar rhombic units, bulky rhombohedral tiles are used: they are de­

signed in either an oblate or a prolate shape ; all edges are equal ; angles of their 

rhombic faces are 63.43° or 116.57°, precisely those found in between fivefold axes 

of an icosahedron. Assembling these rhombohedra to generate a 3-dimensional 

quasiperiodic order requires to select proper matching rules in the form of ap­

propriate decoration of faces and vertices. The practica l building of such a tiling 

suffers actual difficulties which make the procedure both effectively intractable 

and physically implausible. The hyperspace scheme offers a more acceptable 

alternative. 

The periodic image of quasicrystals 

Both crystal and quasicrystal structures can be analysed in terms of their Fourier 

components in that the space dependence of the density can be expressed as a 

sum of density waves, i.e: 

p(r) = ~ ¿ F(G) exp(iG • r) 
G 

(l) 

For periodic crystals, the sum (l) is zero except for those G vectors which define 

a discrete reciproca! periodic lattice and can then be ~ritten as an integer linear 

combination of three basis yectors a'l, i.e: 

(2) 

in which the integers h, k, l, are the so-called Miller indices for the structure factor 

F(G) appearing in Eq. (1). 

The diffraction pattern of a quasicrystal, as the one shown in Figure 9, cannot 

obviously be interpreted with a lattice of G vector given by Eq. (2). But a careful 
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invest igation of the pattern suggests that actually only a few things must be 

modified . The density wave description by Eq . (l) is still valid ; the G vectors still 

form a discrete set but Eq . (2) must be modified into : 

(3) 

• 
• 

• 
o 
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• 
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• 
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Figu re 9: Electron diffraction pattern of an icosa hed ra l quasicrysta l of the AIFeCu 
system. 

m which the n i a re integers a nd th e a-; vectors are lying along the six fivefold 

axes of a n icosahedron (Fig . 10). These a7' s ca nnot be reduced to three members 

vi a a ny projection sche m e on reference axes; the resulting "Mille r indices" would 

be a lways fractiona l numbers due to irrationality of the cosine a nd s ine functions 

for the a ngles betwee n a7' s (63º43or J 16°57) . Using the refere nce axes of the 

Figure 10 , Eq . (3) can be given a equivalent expression in the form of three 
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orthogonal components for the G vectors, i.e.: 

{ 
h+ rh' 

G k+ rk' 
l+ rl' 

(h, h', k, k', l, l' are integers and r is the golden mean). 

(4) 

Figure 10: lcosahedron showing the fivefold axis vectors a*i with their components in 
an orthogonal frame: 

ai= (1,r,0) 
a; = (O, J, -r) 

Consequences are manyfold: 

a~= (r,O, l) 
a5 = (-1,r,0) 

U3 = ( T, Ü, -- ] ) 

a6 = (O, l, r) 

- it is confirmed that the point symmetry is incompatible with periodic transla­

tional order in 3-dimension 

- the G vectors do not define a reciproca! lattice but generate a set of points 

that fill the space densely 

- the diffraction pattern is selfsimilar since tnG belongs to the set define by Eq. (3) 

or ( 4), given a vector G of this set 

- and, last but not least, there is a periodic image of the quasiperiodic structure 

in a higher dimensional space. lndeed, Eq. (2) and (3) are formally equivalent. lf 

Eq. (2) is used to define a 3-dim reciproca! lattice for a crystal structure, Eq. (3) 

can be used as well to define a 6-dim reciproca! lattice for a quasicrystal structure 
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( or other high-dim image for other symmetries than icosahedral). Let us call n;1 l 
the space containing the 3-dim G vectors and R6 such a 6-dim space containing 

a lattice of basic vectors ei which project on ai into R;¡¡- Then the vectors 

g = ¿f=1 nïet span this 6-dim lattice when the G = ¿f=1 niai span the n;1 / 
each g project into n;11 on one and only one G vector. 

T o the dense distribution of G vectors in n;1 l corresponds a density distribu­

tion p3 in a direct space R3¡¡ which is dual of n;11, via the Eq. (l}. R3¡¡ is our 

physical space and p3 is the structure of the quasicrystal of interest. Similarly, to 

the periodic reciproca! lattice g in R6 corresponds a direct periodic lattice bearing 

a density distribution P6 in a direct space R6, which is dual of R6. The density 

distribution p6 can be dubbed as the periodic image of the quasicrystal structure 

p3 . Mathematics tell us that if distributions in two different spaces are related 

via projection, the Fourier transformed distributions in the dual associated spaces 

relate via a cut procedure. The correspondence scheme can then be summarised 

as follow: 

FT 
P6(r) f-----+ F(Ç) 

cut of R6 
t t 

Projection of R6 
by R3¡ ¡ onto n;,, 

p3(r l l) f-----+ f(G) 
FT 

in which FT means of course Fourier transform and r¡¡ is the components in R3 

of the 6-dim vector r. 

Using the high-dimensional image is a very efficient and economical way to 

describe a quasicrystal. We are thus back to normal crystallography in which 

one needs only to know a unit cell and a metric to design the whole structure. 

Moreover, this gives the easy way to operate diffraction experiment for structure 

determination: the diffraction peaks are indexed with six Miller indices according 

to Eq. (3) or (4) and then "lifted" into R6 formally to produce F(Ç) whose 

Fourier transform gives p0 (r); a final cut of PG(r) by our 3-dim physical space 

generate the quasiperiodic structure p3(r ¡ ¡). 
lt is, however, useful to describe in somewhat more details both the "Bravais" 

lattice and the unit cell motive of the periodic image p6 (r). lt is first of common 

use to refer to the physical space R3¡ ¡ as the parallel space or the interna! space; 

the 3-dim space that must be added to R3¡ ¡ in order to complete R6 is dubbed 

complementary space, or perpendicular space (hence R31_ with its dual n;1_) 
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or externa! space. Each basis vector eT of the reciproca! lattice in R'6 projects 

on one e'f_¡ ¡ = a7 and on one eT1- into R;1 ¡ and R;1- respectively. The scheme 

which relates the quasiperiodic structure to its periodic image imposes that at any 

symmetry operation in R;1 ¡ correspond associated symmetry operations in R;1-
and R6; in other words the reciproca! lattice in R6 is invariant in any operation 

which preserve e:_1 ¡ and eT1-. Thus the six fivefold planes (e;,¡¡, eT1-) are mirrar 

planes of the 6-dim reciproca! lattice which, hence, is cubic and so is the direct 

lattice in R6 (an N-cube has N mirrar planes perpendicular to the rotational 

axes of the highest order). There are also ten threefold and fifteen twofold mirrar 

planes. lt is said that the paint group of the lattice in R6 is isomorphic to the 

icosahedral paint group. The subspaces R3¡ ¡ and R31- have the same symmetries. 

Now what does the density distribution P6(r) in this cubic lattice look like? 

First of all, the cut of p6 (r) by R3¡¡ must generate a set of points that will 

accept atom positions. Thus, p6 (r) must have no thickness in R3¡¡, i.e., must be 

a distribution of objects being "flat" in R3¡ ¡ or, in other words, completely located 

into Ru. Let us call Au these 3-dim objects which have been commonly named 

Atomic Surfaces (AS). 0The main requisite to design the Au are the following: 

- they must be 3-dim polyhedra having symmetries of an icosahedron. 

- they must obey a so-called hard core condition which constrains their size 

and shape so that cutting by R3¡ ¡ does not generate unphysically too short 

atom pair distances. 

- they must allow energy translational invariance of the quasiperiodic struc­

ture parallel to both R3¡ ¡ and R31- spaces. Flatness in R3¡ ¡ guarantees 

translation invariance in this subspace. Translation invariance in R31- means 

that the A3 1- must form subset in which piecewise connection prevents an­

nihilation/ creation of atoms under any Ru translation, while structures 

with differences into their detailed geometry may be generated. This is 

called the closeness condition [13]. 

- density and composition of the quasicrystal also operate on size, shape and 

partitioning of the atomic surfaces. 

The simplest shape that may be attributed to the A31- volumes in spherical. But 

reducing the Au objects of the high-dim image to their spherical approximation 

is obviously accepting a low resolution description of the structure. Here, the 

expression "low resolution" means that in the Fourier transform of the A31- atomic 
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surfaces the high-order Fourier components are not really accounted for . Sphere 

sizes are mostly fixed by density and composition constraints. 

One possible method of introducing the high-order Fourier components is to 

parametrize the atomic surfaces in terms of linear combinations of symmetry­

adapted functions associated with their point group symmetry (14] . In the case 

of an icosahedral quasicrystal , the perpendicular space is three-dimensional. The 

spherical harmonies are then a natural choice for expressing the boundaries of 

any radial functions r(0 , </>). Hence the set of symmetry-adapted orthonormal­

ized functions , invariant for icosahedral point group symmetry, can be chosen 

according to the decomposition 

with 

1' (0 , </>) = ¿ a1iZ1i (0, <í> ) 

l i 

1.'l, 

(5) 

in which Yim are the classical spherical harmonies, Z1m a re determined by the 

point group symmetry of the A31_ plus the normalization conditions of Z1i , and 

a¡.¡ are continuous parameters to be fitted in structural diffraction analysis : the 

index i allows for the possible existence of several orthogonal invari ant functions 

within the same subspace of functions having a given value of l. 

Fig ure 11: Approxim a t ion of an icosahedron by four spherical harmonies. 
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Figure 12: The eight basic polyhedra bounded by 2-fold pla nes in R:u for the 
6-dimensional image structure of icosa hedral quasicrysta ls [1 3). 

lf the paint group is large enough , there will be many empty subspaces. For 

instan ce , with the icosahedral pai nt groups there is a single invariant function 

(for l up to 15) only for l values of O, 6 , 10 and 12 . Beyond l = 15, contributions 

to Eq . (5) are expected to be very wea k. As an illustration , Figure 10 shows that 

these four components a re sufficient for the reconstruction of an icosahedron 

certainly beyond experimental resolution . Any physical const raint on the A31., 
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such as those induced by realistic atomic distances, density, compos1t1on, etc., 

can be introduced in the refinement via penalty functions. This is probably a 

good basis for allowing successful least-squares refinement processes to obtain 

realistic faceted A31. objects. 

The hard-core and closeness conditions mentioned above are satisfied if the 

A31. objects are bounded by piecewise connected surfaces, mostly parallel to the 

complementary space, without overlapping in this space, and globally invariant 

under point group symmetries. These conditions are satisfied for surface bound­

aries which are mirrar planes of the structures. As a consequence, possible faceted 

A31. volumes for the 6-dim images of icosahedral quasicrystals would have 2-fold, 

3-fold, or 5-fold plane boundaries. This point has been demonstrated in detail for 

2-fold plane boundaries, [13) and the shapes of the eight corresponding polyhedra 

are presented in Figure 12. The acceptable volumes for decorating the 6-dim cube 

must be one of these polyhedra, or any r-scaling and/or intersection of them. 

Obviously, this leaves a number of alternative solutions and the formal faceting 

conditions, as they stand, have to be considered mostly as a negative test to 

reject improper solutions. 

Figure 13: Finite portion of a dodecagonal planar quasicrystal with square- triangle 
prototiles [15). 
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So far we have assumed that the A 3.L atomic objects of the high-dim image 

are (faceted) polyhedra. This has induced conditions for these atomic objects. lt 

may be of interest to consider whether the polyhedral solution is imposed in ev­

ery case. The_re is no general answer to this question , and the paint has received 

very little investigation , with restriction to 1-dim and some 2-dim quasiperiodic 

structures. One example has been reported by Baake et al. 15. They generated 

a quasiperiodic dodecagonal tiling of the plane usil)g squares and regular trian­

gles arranged with simple deflation-inflation symmetries (Fig. 13). This 2-dim 

structure has been "lifted" ( embedded) into a 4-di~ periodic lattice and the ac­

ceptance domain (or A.L objects) has been iteratively constructed to generate 

the vertex set of the square-triangle tiling . The result is shown in Figure 14. The 

procedure leads to a fractally bounded A.L- lt can be shown that there is no 

polyhedral alternative solution if the square-triangle tiling is to be obtained with 

a single type of A .L . 

Figure 14: Acceptance doma in in R1. filled by li fti ng 32000 vertices of the tiling shown 
in Figure 13 (15] . 

~ne hyperspace image of the Fibonacci chain 

As a quasiperiodic 1-dim structure requires at least two different segments for 

avoiding periodicity, the corresponding periodic image is at least two- dimensional. 

In the absence of 1-dim paint group , this 2-dim Bravais lattice may be any of 
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the five existing ones. A square lattice may be the best choice for the sake of 

geometrical simplicity and also for mimicking at best the 6-dim cubic lattices 

that correspond to icosahedral real quasicrystals. The atomic surfaces A.1 must 

be "flat" in the direction R.1 which is perpendicular to the direction fl¡ ¡ of the 

chain. Hence, they are simple straight line pieces with the length ~. as shown 

in Figure 15. The position of R¡¡ (and then R.1) in R2 is fixed by the angle a 

. of R¡¡ with respect to the horizontal raw of the square lattice. lf tan n is an 

irrational number, the structure of the chain is aperiodic, with two different tiles 

L = a cos n and S = a sina. The closeness condition is fulfilled provided that 

~ = a(cosa + sin O') 

The average density of the chain must be transferred to its image and, hence, 

is equal to ~/a2 = (cosa+sin a)/a. Finally, L/S being equal to T in a Fibonacci 

chain fixes the angle n and there is no free parameter left for the periodic image. 

Figure 15: T oy-model of the hyperspace image for a quasicrystal. Here is shown a 
l-dimensional Fibonacci chain and its 2-dimensional periodic image as a 
decorated square lattice. 

Moving the R¡¡ direction across the decorated square lattice generates all the 

equiprobable structures with the same energy but differing locally in their geom-
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etry features. All these isomorphic structures relate to each other via "atomic 

jumps", so-called phason-jump, due to flipping in L - S sequences (see Fig. 15). 

The physical generation of quasiperiodic patterns may be very simple 

Detailed description of the atomic surfaces using diffraction data with real qua­

sicrystals is very difficult, may be impossible to be achieved and, so far, only low 

resolution structures have been obtained. But the main drawbacks of the high 

dimensional scheme are twofold: (i) the crude resulting physical structure in the 

three-dimensional space is concealed in a list of atomic positions without any 

clear guides on how to design straightforwardly space occupation and, even more 

disturbing, (ii) there is a total lack of how to grow the whole structure by adding 

atomic positions one by one or, to the least, cluster by cluster. 

Actually, growing a piece of matter within certain rules for short and long 

range order is not an easy task. For regular periodic crystals, the sequence of 

atoms that exists in a seed cluster repeats exactly again and again; so it appears 

that the atom to be added must interact only with a small number of atoms 

at some places on the cluster surface. Moreover, there is a single ground state 

structure for a given space group which means that the structure is energetically 
stabilised and can be grown perfectly. The various mathematical procedures that 

have been used so far to generate quasiperiodic lattices are somewhat suggestive 

that growing a perfect quasicrystal would be a daunting task. The sequence of 

atoms never exactly repeats, so that atoms added to the surface of a cluster 

must interact with each atom in the seed cluster to ensure that is sticks at a site 

consistent with perfect quasiperiodic order. As the cluster grows, this require­

ment imposes arbitrary long-range interaction, which is physically implausible. 

Matching rules, particularly well exemplified with the Penrose tiling, would then 

seem to offer a potential mitigating factor to these growth problems. The classi­

cal edge-matching rules are typically indicated by placing different arrows on the 

edges of tiles that constrain the way two tiles must match edge-to-edge. Pen­

rose clearly showed that the only plane-filling tiling consistent with the matching 

rules is a perfect Penrose tiling. Do these edge-matching rules also represent 

viable local rules for growing a tiling by adding one tile at a time to a random 

chosen edge? Unfortunately not. Mistakes are made which are not revealed at 

once and the catastrophe can be appreciated only after many further building 

steps. Removing tiles for another or other tries is obviously a dismal failure of the 
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edge-matching rules as a growth procedure (16). Replacing edge-matching rules 

by "forced vertex-matching rules" has certainly relaxed part of the difficulties but 

the basic drawbacks remain the same (17). Recently, Moody and Patera (18) have 

described a mathematical procedure to grow quasiperiodic structures via strictly 

local rules in which a point is added to the growing patch if and only if (i) an 

ideal configuration is not violated and (ii) the point phase in the physical space 

remains within a chosen range of va lues. But, still, local phases are correlated to 

each other and are not exactly direct space parameters. However, it is possible 

to keep the spirit of the method and derive a purely local growth procedure that, 

moreover, is consistent with structure and properties of real quasicrystals. 

Among the many properties of quasicrystals observed so far, two of them 

deserve to be selected for the present purpose: (i) their structure appears as basi­

cally built from packing of very rigid atomic clusters with "forbidden" symmetries 

and (ii) their shear modulus [19) is as large as those obtained with semiconduc­

tors revealing strong directional atomic bonding. One very simple way to preserve 

what can be preserved of that while growing the structure is to proceed as follows 

(20): 

(i) A "star" of atomic bonding is deduced from a given cluster of atoms. In 

the two-dimensional example of a decagonal centred cluster (Fig. 16(a)), 

the "star" is made of the ten radial vectors linking centre to vertices and 

dispatched at 2rr / 10 angles from each other (cluster requisite). 

(ii) The above "star" of vectors defines the only possible translations, originat­

ing from an existing site at the surface of the growing structure, to create 

new sites (directional bonding requisite). 

(iii) New sites that would introduce too short pair distances, with respect to 

the already existing sites, are rejected (finite density requisite). The point 

is illustrated with Figures 16(b) and 16(c) which show a second growing 

step from a decagonal cluster and what is preserved if too dose positions 

are erased; in this example, the threshold pair distance has been fixed to 

the length of the decagonal edges. Figure 17 shows a piece of one structure 

that can be iteratively generated by pursuing again and again the above 

addition procedure with the same decagonal star. 

That this procedure is easily feasible and allows structure growth via purely 

single local rules is then now obvious. lt remains that at least two basic questions 
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must be carefully addressed: (i) does this mechanism generate a single state 

structure or, conversely, a variety of "energetically" equivalent structures and (ii) 
does it truly result into quasiperiodicity. 

(a) 

• 

• 

• • • 
• • • • 

• • • • X 
JI JI X 

• • • • 
X X X 

• • • • • • 
X X X 

X X X X 
X X 

(b) (e) 

Figure 16: (a) Decagonal cluster of sites defining a ten-fold star of vectors; (b) A second 
decagon ofsites (•) has been added to the one shown in (a), with its centre 
on a vertex site; (c) same as in (b) except that sites overly dose to those 
of (a) are removed. 

lf combinations of two-, three-, four and six-fold stars of vectors are used in 

the growing sequence, one gets trivially lattices of sites which are periodic crystal 

lattices and it has been well known for almost a century that one given star 

generates one and only one lattice. With pentagonal, decagonal, icosahedral ... 

stars it is not possible any more to generate lattices and fully dense set of sites are 

obtained instead, it there is no restriction made on pair distances. The physical 

constraint on density via the rejection rule of too dose atoms is then usefully 

applied. But, clearly, which particular new sites have to be rejected strongly 

depends on which sites are already there, which in turn depends on the order 

chosen to explore the surface sites of the growing structure. This exploration can 

be made at random which gives prospects for an infinite number of very slightly 
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different structures (Fig. 18); or else one may decide to circle the seed always in, 

say, a step by step clockwise exploration of the surface sites, which genera~e the 

more regular structure of the family with an overall symmetry axis in its centre. 

Conclusively, the procedure does not generate a single state structure but, rather, 

a farnily of very similar packing of sites . 
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Figure 17: A piece of structure grown using a tenfold star and shortest distances slightly 
below the edge length of the decagon. 

The question of true quasiperiodicity of the obtained structures 1s less easily 

overcome even if encouraging insight can be proposed. Of course, the trivial req­

uisite is that vector stars that genérate crystal lattices must be strictly avoided. 

This being said, the geometrical scheme described here is more related to the 

hyperspace description than it would seem at first sight. lndeed, specifying the 

high dimensional Bravais lattice by its translation vectors corresponds to the se-
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lection of a star of vectors in the three-dimensional physical space. Adding to 

this hyperlattice some atomic surfaces is equivalent to define acceptanc.e domains 

for permitted atomic pair distances and directions. Thus, our growing scheme 

exhibits the two main ingredients that should allow to generate quasiperiodic 

structure. As a positive illustration of this statement, Figure 19 presents an im­

pressive comparison between a structure obtained via the "star-short distance" 

scheme (SSDS), the one already shown in Figure 2 actually and, on the other 

hand, a five-fold planar cut of an atornic arrangement deduced from diffraction 

data with an AIPdMn real quasicrystal via the hyperspace method and within 

spherical approximations for the atomic surfaces. This is a strong support to the 

double suitability of the procedure to generate structures that can be quasiperi­

odically ordered and even describe real quasicrystal quite nicely. But it seems 

that the conclusion is not universal whatsoever. A contradictory example is given 

in Figure 20 which shows a structure grown with a pentagonal star and short­

distance threshold equal to the pentagon radius; this is obviously nothing else 

than a pentatwinned regular crystal. This is actually not deeply surprising and 

may be related to the well known possibility to generate either quasicrystals or 

some sorts of twinned crystals via the hyperspace scheme. At this stage we can not 

refrain from thinking that, finally, quasicrystals are less difficult to describe than 

suggested so far and, also, that they can be grown via the simplest mechanism, 

1.e. adding one atom at a time. 

Figure 18: (a) Sa me conditions as in Figure 2 but with another random exploration of 
the surface sites; (b) Figure 17 and 18(a) have been superimposed. Solid 
t.lots appear whenever the two structures coincide. 
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Figure 19: (a) One planar cut ofthe structure ofa real quasicrystal; (b) Figure 17 and 
19{a) have been superimposed. The overlap is quite impressive [20] . 
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Figure 20: The structure grown with a five-fold star and shortest distance equal to the 
radi us of the pentagon is a pentatwinned crystals. 

A few more words about the geometry of real quasicrystals 

The structure of real quasicrystals is generally obtained from diffraction data via 

the hyperspace approach to their periodic images. As already said, one must 

unfortunately be contented with rather low resolution structure, due to the poor 

definition of the atomic surfaces actually reached. However, clear building rules 
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are revealed, with evidences of both geometrical and chemical order. The paint 

is going to be ex·emplified with the structure of AIPdMn quasicrystals which offer 

the rare privilege to be growable as centimetre size single grain [21]. 

9 at. 

12 at. 

30 at. 

51 at. 

+ 

4;1f 
~ 

G) 

Figure 21: Successive atomic shells of a pseudo-Mackay icosahedron (PMI). 

First of all, everything in the structure is based on atomic units containing 

51 atoms in total, named pseudo-Mackay icosahedra (PMI) hereafter, and made 

of three centrosymmetrical shells as shown in Figure 21: an inner small centred 
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cubic core of 9 atoms, an intermediate icosahedron of 12 atoms, and an externa! 

icosidodecahedron of 30 atoms. The last two shells have practically equal radii 

and constitute altogether the boundary of the PMI whose diameter is slightly less 

that 10 A. Apart from this well-defined geometry, the PMl's show three different 

chemical compositions: one family (PMI-A) has 6 manganese plus 7 palladium 

atoms on the icosahedron and centre sites and 38 aluminium atoms elsewhere 

while the two other famílies (PMI-T) exhibits 20 or 21 palladium atoms among 

the 30 of the icosidodecahedron, the rest (30 or 31 atoms) being aluminium 

atoms. The calculated atomic density of an individual PMI is 0.064 atoms/ À3 , 

which compares quite well with the measured density of the bulk material, within 

experimental accuracy. lt is, however, fair to say that severa! ingredients in the 

description of the PMl's do not show up directly from diffraction data. The 

Patterson analysis strongly suggests that the PMI cores are made of about 8-9 

atoms distributed into pieces of dodecahedra; it is indeed a speculation to state 

that these pieces are arranged in centred cubic geometry. lt is probably better 

to consider that we have a dodecahedral core whose 20 sites are only partially 

occupied. 
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Figure 22: Fivefold planar cut of the structure of the AIPdMn quasicrystal. Rings of 
ten atoms are equatorial section of a PMI. The T:i and r 2-inflated rings are 
visible [21]. 

Then, these PMI units combine to reproduce a selfsimilar geometry within 

inflation by a scale factor dose to r 3 . This is shown in Figure 22 which presents 
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the cut of a piece of the structure by a plane perpendicular to ;:i fivefold axis. In 

the figure centre, the equatorial section of a PMI shows up. Around this central 

PMI, there are 42 PMl's whose centres are distributed on the combined c;ites of 

the icosahedron plus the icosidodecahedron of a big PMI with a r adius r:1 as 

large as that of the base unit { about 42 A, namely). An intermediate sliell, with 

T'l. inflated radius, is also visible in Figure 22. This shell is m;..de of overlapping 

PIVll's and is the inflated modification of the partially occupied dodecahedrai core 

of the basis PMI unit. The overlapping is such that preservation of the density is 

ensurcd, within very low residu<1I fractality. 
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Figure 23: Same as in Figure 22 but with an additional inflation slep of the structure. 

The structure subsequently develops via successive steps of -r:1 inflation op­

erations. Figure 23 3hows a planar projection of a layer of atams presenting the 

result of a r·~ x r:1 infüüion, with a gta11?-PMI in the umtre, a shell of 42 r~1-PMI 

on a r: 1 x r:3 radius "sphere" and the r:1 X , 2 intermediate shell of overlapping 

trunG.1ted r:1-PMI. Pentagonal "tiles" .lt various scaies are also visible in the fig­

ure; they come from PMI ,jnd inflated PMI whose equ~torial pbne is not in the 

figure. In conclusion, at ,rny inflation stage, we have a cluster of PMI clusters. 
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The Figures 19(a) and 23 are actually slightly different representations of the 

same data which, at two different levels, demonstrate the leading aspect of the 

basic cluster stability into natural growth of quasiperiodicity. lt has been also 

observed that the selfsimilarity rules that describe the geometry also apply to the 

chemistry of quasicrystals [21]. 
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